NEW  YOkk  ot.^.v<.r.iri 
INSmUTZ  OF  MATHF 


^■j  7  A  T-  r^ 


AFCRC-TN-58-636  25  WaveHy  PUc,  New  Yofk  3,  M  Y. 


^^^E  ET  PR^^        NEW  YORK   UNIVERSITY 

oc    \^C\   y/    ^       Institute  of  Mathematical  Sciences 
^        \_J        ^       Division  of  Electromagnetic  Research 


RESEARCH    REPORT    No.    CX-36 


Potentials  With  Zero  Scattering  Phase 


H.  E.  MOSES  and  S.  F.  TUAN 


Contract    No.    AF     19(604)4555 
November,    1958 


NEW  lORK  UNIVERSITT 

Institute  of  Mathematical  Sciences 
Division  of  Electromagnetic  Research 

Research  Report  No.  CX-36 


f  /T^l^^-.,^^ 


POIENTIALS  VTETH  ZERO  SCATTERING  PHASE 

H.  E.  Moses 

and 
S.  F.  Tuan 


H.  E.  Moses 


g    ^     Tu^^    C//.^Af,) 


S.  F.  Tuan 


Uay/U^    ncq 


Sidney  Horowitz 

Acting  Project  Director 


November  1958 


The  research  reported  in  this  document  has  been  sponsored 
by  the  Geophysics  Research  Directorate  of  the  Air  Force 
Cambridge  Research  Center,  Air  Research  and  Development 
Command,  under  Contract  No.  AF  19(60li)Ii555. 


Requests  for  additional  copies  by  Agencies  of  the  Department  of  Defense, 
their  contractors,  and  other  Government  agencies  should  be  directed  to  the: 

ARMED  SERVICES  TECHNICAL  INFORMATION  AGENCY 

ARLINGTON  HALL  STATION 

ARLINGTON  12,  VIRGINIA 
Department  of  Defense  contractors  must  be  established  for  ASTU  services  or 
have  their  -need  to  know'  certified  by  the  cognizant  military  agency  of  their 
project  or  contract. 
All  other  persons  and  organizations  should  apply  to  the: 

U.S.  DEPARTMENT  OF  CGM^ERCE 
OFFICE  OF  TECHNICAL  SERVICES 
WASHINGTON  2$,   D.C, 


-1- 


Abstract 


The  Gelfand-Levitan  equation  is  used  to  construct  potentials  which, 
for  a  given  angular  momentuin,  yield  scattering  phases  which  are  identically- 
zero  for  all  energies. 

The  technique  used  herein  gives  all  such  potentials  which  belong  to 
the  class  of  potentials  for  which  f(k)   is  analytic  in  the  lower  half -plane. 
In  these  cases  the  potentials  support  point  eigenvalues  which  are  either  zero 
or  are  positive  and  embedded  in  the  continuous  spectrum.     In  the  case  of  Jl/ =  0, 
the  potential  which  supports  the  zero  point  eigenvalue  was  given  by  Bargnann 
who  used  a  different  technique. 
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1,     The  Gelfand-Levitan  equation  for  zero  angular  momentum 

The  Gelfand-Levitan  equation  was  introduced  in  Reference   [ij   as  a  device 
for  obtaining  scattering  potentials  from  the  spectral  measure  function.     In 
Reference    [2]   it  was  shown  how  the  spectral  measure  function  may  be  obtained 
from  the  scattering  phase  and  hence  how  one  may  obtain  the  scattering  potential 
from  the  scattering  phases  and  the  point  eigenvalues  and  normalizations  of  the 
eigenfunctions  belonging  to  the  point  eigenvalues. 

Explicitly,  the  Gelfand-Levitan  equation  for/C  «  0  is 


K(r,r')  -  -D(r,r')  - 

(1.1)  <J    where 

D(r,r')  -|   J 


1 


K(r,r")  D(r",r')  dr" 


00 


|f(k) 


r..  1 


sin  kr  sin  kr'  dk 


"        -1 
+  ZI    V    g(r,E^).g»^(r',E^). 


The  values  E.   correspond  to  prescribed  point  eigenvalues. 
g(r,E. )  are  given  by 

inA  ^^^  ^   »• 


The  functions 


g(r,E^)  -  ^^e' 


/^  (-E.) 


TTT 


,   (E^  <  0) 


(1.1a) 


A. sin  J^.   r 

/5r(E,  )^f^ 


(E^  >  0) 


\nr 


(E^  -  0) 


The  constants  C.  are  prescribed  normalizations  for  the  eigenstates 
corresponding  to  the  point  eigenvalues,  t^ile  the  constants  A.   are  arbitrary 
con5)lex  numbers  which  one  must  also  prescribe. 
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Gelfand  and  Levitan  show  that  if  one  prescribes  the  function  |f(k)|,  the 
point  eigenvalues  E.   and  the  normalization  constants  C,  and  if  one  solves  (l.l) 
for  K(r,r')*  then  on  writing 


V(r)     -  2-^  K(r,r)       , 


(1.2)  T(r,k)       -  /|~  sin  kr  +  /|" 


"     1 


r 
K(r,r')  sin  kr'dr'       , 


^(r,E^)       -  g(r,E^)  +  j  K(r,r»)  g(r',E^ 


)dr'         , 


^2 
The  real  functions  Y(r,k)  are  eigenfunctions  of  the  operator  -  — k  +  V(r) 

dr'^ 

2 

belonging  to  the  continuous  spectrum  corresponding  to  the  eigenvalue  k  ,  whereas 

the  generally  complex  functions  T(r,E. )  are  eigenfunctions  corresponding  to  the 
point  eigenvalue  E.. 

Furthermore,  the  eigenfunctions  satisfy  the  orthogonality  conditions 

,00 

T(r,k)  T(r,k')  dr   -  |f(k)|^  6(k  -  k') 


(1.3)    l*(r,E^)  T(r,Ej)  dr  -  C^  5^^ 


-i 

T(r^^)  l(r,k)  dr  -  0 

• 

) 

and  the  completeness  relations 

I(r,k)  |f(k)r^  T(r',k)dk  +  r  C^^  T(r,E^)  T*(r',E^) 

(1.1 

y-OO 

0                                       -|     sin  kr  sin  kr'  dk  -  6(r  -  r«) 

0 
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The  function  f(k)  is  related  to  the  phase  5  in  the  following  way  for  k  >  0; 


(1.5)       e 


2i6(k)  _  f(k) 


-•»•/ 


or 
(1.5a)       f(k)   .  |f(k)|  e^^^^^  . 

It  can  also  be  shown  that 

(1.6)       lim      f(r,k)     -  /|"  |f(k)|   sin  (kr  +  6} 
r->oo 

Hence,  on  using  (1.6)  and  (1.5a),  one  could  obtain  f(k). 
In  Reference   [2],  in  order  that  one  may  obtain  f(k)  uniquely  from  the 
phase  by  means  of  (1.5),  the  following  assiunptions  are  made: 

1.  f(-k)       =       f(k)*  for  k  real. 

2.  l(k)  is  analytic  in  the  lower  half  plane. 

3.  lim         f(k)         "1  k  in  the  lower  half  plane. 
|kI->oo                               ' 

k.     The  point  eigenvalues  of  the  operator  -  — k  ♦  V(r)  are  given  by  the 

dr'^ 

zeros  of  f(k)  on  the  negative  imaginary  axis. 

A  class  of  potentials  which  lead  to  such  functions  f(k)  are  discussed  in 
Reference  pi . 

It  should  be  pointed  out  that  these  conditions  are  not  necessary  to  obtain 
the  potential  V(r)  from  the  spectral  measure  function  or,  equivalently,  from 
|f(k)(,  C.  and  E..     In  Reference   [ul  Kay  and  Moses  have  shown  that  it  is  only 

necessary  for  the  Gelfand-Levitan  equation  to  have  a  solution  in  order  to  reproduce 
the  prescribed  spectral  measure  function.     It  is  only  for  the  purpose  of 

obtaining  spectral  measure  function  from  the  phase  5  that  one  must  in^wse  some 
extra  conditions. 
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For  the  cases  in  which  the  phase  6  is  identically  zero  for  all  k,  the 
conditions  above  are  too  severe  to  admit  ar^  potential  but  the  trivial  one 
V  =  0.  Therefore,  to  get  non-trivial  results  we  shall  relax  the  conditions 
on  f(k).  Specifically  we  shall  drop  condition  It  which  relates  the  zeros  of  f(k) 
to  the  point  eigenvalues.  In  doing  so  we  are  following  a  technique  which  Was 
used  by  Kay  and  Moses  '■to  obtain  reflectionless  potentials  in  the 
one-dimensional  case  (-00  <  x  <  oo).  We  shall  be  led  to  potentials  which, 
while  in  a  certain  sense  pathological,  are  perfectly  smooth  and  die 
sufficiently  rapidly  at  infinity  to  permit  scattering  to  be  defined.  Thus 
we  shall  consider  the  class  of  potentials  which  lead  to  functions  f(k)  which 
satisfj'  the  first  three  requirements  and  find  all  the  potentials  of  this 
class  which  lead  to  scattering  with  zero  phase. 

We  shall  now  proceed  to  derive  the  phaseless  potentials. 

From  (1.5)  we  see  that  if  6(k)  is  identically  zero,  for  real  k  >  0, 
f(k)  is  real  on  the  positive  real  axis.  On  using  conditions  1,  2,  and  3  above 
and  the  reflection  theorem  of  analysis,  we  come  to  the  conclusion  that  a 
necessary  and  sufficient  condition  on  f(k)  is  that 

(1.7)       f(k)  f  1  on  the  whole  complex  k  pCLane, 

If  we  accepted  condition  U  on  f(k),  namely  that  bound  states  correspond 
to  zeros  of  tik),  on  the  negative  imaginaiy  axis,  we  see  that,  since  in  the 
present  case  there  ai^  no  zeros,  there  should  be  no  bound  states.  Under  these 
conditions  we  would  have  D(r,r')  =  0  and  hence  also  K(r,r')  s  0  and  V(r)  b  0. 
We  shall  therefore  assume  the  possibility  of  bound  states  in  order  to  obtain 
non-trivial  potentials.  We  note,  however,  that  in  (l.l)  only  the  absolute 

value  of  f(k)  appears.  If  we  admit  bo\md  states,  we  shall  expect  to  obtain 
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potentials  which  reproduce  th.e  given  spectral  measure  function  and  find  in 
particular  that  |f(k)|=l.  In  general,  however,  the  phase  will  not  be  zero 
identically.  Hence,  it  will  be  our  objective  to  find  those  bound  states  or 
combinations  of  bound  states  which  will  lead  to  zero  phase. 

Let  us  first  consider  the  case  in  which  a  single  bound  state  exists  with  a 
corresponding  point  eigenvalue  E, .  In  such  cases  (l.l)  csn  be  solved  by  separation 
of  variables,  i.e.,  by  setting  K(r,r')  =  H(r)  sinh  /-ET  r'  and  solving  for  the 
functions  H(r). 

For  E^<C,  we  have 

,     r,     sinh  /-E-  r  sinh  /-E,  r 
(1.8)    D(r,r')  =C-^  |aJ^  —     1         ^ 


(1.9)     K(r,r')  = 


-sinh  /-E,  r  sinh  /-E-  r' 


[-1 


sinh  2/-E7  r 


2/=% 


-r 


1 


where 


(1.9a)    [i 


nC^/lE^ 


(1.10)    V(r)  =  2-|j  K(r,r) 


(1.11) 


2  sinh  f/-E^  r     2l/-E^   (|  -  [i)   cosh  i/-E^   r  -  sinh  /-S^  r 


[^  f  sinh  2  f^  T  A  1: 


r-7^                     7-s-       sinh  j/-E-.   r   [/-E7  sin  kr  cosh  kr  -k  cos  kr  sinh/-E-   r] 
T  (r,k)  =Y  ^     sin  kr  -/-      ^ ' 


[ 


,     /sinh  2  (/-E-   r 


2j/^ 


-  r 


(k^  -  E^) 
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-  /sinh  2  j/^  r 


-r 


On  inspecting  the  results,   it  is  clear  that  the  potential  decays  exponentially 
for  large  r.     Furthermore,  it  can  be  shown  by  direct  substitution  that  the 
eigenfunctions   (1.11)  and  (1.12)  really  are  eigenfunctions  of  the  operator 


dr^ 


+  V(r)   . 


However,  we  see  that  the  scattering  phase  is  not  zero,  for 

;i.l3)  lim  T(r,k)  =  \f^      sin  kr  +  — % (E^   sin  kr  +  kj/^  coskr)  I 

r->oo  "     L  (k^-Ei)  ^  ^  J 


/•-       sin  (kr  +6)       , 


where 
(l.lii)  cos  6 


(k^  +  E^)                               2k  (/^ 
,       sin  6  =    — ^ 


(k'^  -  E^) 


(k'-E^) 


In  the  present  case  the  absolute  value  of  f(k)  is  1  on  the  real  k  axis  as  we 
would  expect  from  the  Gelfand-Levitan  equation.     However  f(k)  itself  is  not  1.     In 
fact  on  the  real  axis 


(1.15) 


i6                                           (^  *  ^  ^^' 
f(k)  =  e       «  cos  5  +  i  sin  6  «  — r ^ 


k  +  i 


i  f^ 


(k^-  E^) 


-  If^ 


From  (l,l5)  we  see  that  the  analytic  continuation  of  f (k)  is  zero  when  k  -  -i  (/-E,  , 
as  is  required  by  the  usual  scattering  theory. 
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As  the  next  case,  let  ua  take  E,  =  0.  We  have,  on  solving  (1.1) 

by  sepsraticn  of  variables, 

i2 


1     l^ll 
(1.16)  D  (r,r')     -      C"^    -i. 


I 

rr 


(1.17)  K  (r,r')     -    -^^^1 


where 

30]^" 

(1.37a) 

^1 

(1.18) 

„  _  6r(r3-2X) 
(r3.X)2 

(1.19) 

T(r 

■.If)   -  V^  [  sin  kr  ♦ 

3r2 
r3»x 

COS  kr 

k 

r3.X 

sin  kr 

1  • 


and 

A-iX 
(1.20)  lir,E^)     -       ^  ^ 


l/JT       r^  +  X 


In  the  present  case  we  see 

(1.21)  lim    T(r,k)     -    /T  gin  kr  • 
r->oo 

Hence  the  scattering  phase  is  zero  for  all  k,  and  we  have  accomplished 
our  objective  of  obtaining  such  a  potential.     In  the  present  case  f(k)  is 
identically  1  on  the  whole  complex  k  plane  as  is  required. 

It  should  be  mentioned  that  the  potential  (1.18)  was  derived  earlier 
by  Bargmann  l-  ^   in  his  discussion  of  the  inverse  problem  for  the  special 
case  where  the  phase  is  a  rational  function  of  k. 

Let  us  now  consider  the  case  for  which  E,>0.     Then 

(1.22)  D(r,r')  ' —^ ^ 


— r sin    i^  r  sin  t^  r' 
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(1.23)  K(r,r') 


-  sin  ^^  r  sin  \/e^  r' 

,    /      sin  2  \/^  T 
X  ♦  -J  |r  - 


2v^ 


where 


(1.23a) 


n  C^^ 


(1.2lj)  V(r) 


2  sin  v'ET  r 


^   /^     sin  2  v^  r 


X  ♦  ^  fr  - 


2v^ 


sin  v'ET  r  -  2  v^  (X  «■  |)  cos  i/E^  r 


(1.25) 


«-                   y-s-  sinv/irr(E.   sin  kr  cos  ^^57  r  -ksin  /El  r  cos  kr)  . 
T(r,k)  =  /I  sifl  kr  -  /I    ^^    ^      ^i 


X.^fr- 


sin  2  i/S7  r 
2  v^ 


(k'^  -  E^) 


(1.26)  T(r,Ej 


A^X 


sin  ^e7  r 


^    /r(E^) 


m 


w         sin  2  V^  r 
X  +  -^  f  r  - 


2  /E^ 


In  the  present  case  it  is  clear  that 


(1.27)     lim    T(r,k)  -  v/T  sin  kr   . 

'      Tt 

r->oo 


Hence  again  the  scattering  phase  is  zero.     In  the  present  case  the  potential 
±il^  r 


behaves  like 


e 


for  large  r.     Ihus  it  is  not  a  nseiriber  of  the  class  of 


potentials  discussed  in  References    [2^  and   [3]    . 
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We  can  now  discuss  the  case  where  there  are  several  proper  eigenstates 
p]?esent.     In  the  manner  similar  to   that  above  one  can  show  generally  that 
solutions  of  the  Gelfand-Levitan  equation  for  which  lf(k)l   =  1,  and  for  which  a 
finite  nuiiiber  of  non-negative  point  eigenvalues  are  assuinft^'to  exist  lead  to 
potentials  with  phaseless  scattering.     Conversely,  of  alT  potentials  which 
support  a  finite  number  of  bound  states,   these  are  the  only  non-trivial  ones 
which  lead  to  zero  scattering  phase  for  all  k, 

2.     Higher  angular  momenta 

The  formulas  for  the  radial  equation  corresponding  to  the  general  angular 
momentun/<l  are  close  to  those  for  zero  angular  momentum. 

The  Gelfand-Levitan  equation  is 

-       -D(r,r')  -      K(r,r")  D(r«,r')dr" 
o 


^00    r 
2rr' 
n 

^o 


"      ,-1 


\tW\'^-i 


k^j^(kr)  j^(kr')dk 


*T    C{-  g(r,E^)  g*(rSE.) 


where  the  real  numbers,  E . ,  corr-espond  to  the  point  eigenvalues.     The  functions 
g(r,E. )  are  given  by 


1 


'^g(r,E^)       -    ^  (-E^)^  V"/^rj^(i  i/=r  r)  ,     (E.  <  O) 

)  -    ti    (E.)^/^  rj.(  i/^r),         (E.  >0) 

(2.1a)  \  /r        ^  ^        ^  ^ 


A 


-i     /*\  (E,  -  0)     , 
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Aa  before,  the  constants  C.   are  the  prescribed  normalizations  for  the 
eigenatates  corresponding  to  the  point  eigenvalues,  while  the  constants  A.  are 
arbitrary  complex  numbers  which  one  nnist  also  prescribe. 

Also,  as  before,  one  prescribes   |f(k)|,  the  point  eigenvalues  E.,  and 
the  normalization  constants  C.  and  solves  (2,1)  for  K(r,r').    One  can  find  the 
potential  V(r),  the  eigenfunctions  corresponding  to  the  continuous  spectrum  T(r,k) 
and  the  eigenfunctions  corresponding  to  the  point  spectrtim  T(r,E.)  from 


V(r)         -       2^    K(r,r) 

/r 


(2.2) 


T(r,k)         -/T  kr  j^(kr)  +/|"k  j     K(r,r«)  r'3^(kr')dr' 


T(r,E^)       -  g(r,E^)  + 


J 

o 

K(r,r')   ?(r',E^)  dr' 


The  eigenfunctions  satisfy  the  orthogonaJ  ity  and  completeness  relations 
(1.3)  and  (l.U)  and  are  eigenfunctions  of  the  operator    — *  +  ^ — x^    *  V(r)  • 

The  scattering  phase  is  related  to  f(k)  as  in  (1.5).     The  asymptotic 
form  of  T(r,k)  is  given  by 

(2.3)     lim    T(r,k)  -  /f"  |f(k)|  3in(kr  +  5  -  <^) 
r->oo 

By  the  arguments  of  the  previous  section,  zero  3catt^ring  phase  leads 

to  a  condition  f(k)  a  1,  but  since  only  |f(k)|  is  used  in  the  Gelfand-Levitan 

equations,  we  must  eotamine  all  solutions  of  the  Qelfand-Levitan  equation  for 

which  |f(k)|2l  to  see  which  solutions  lead  to  f(k)«l  or  equivalently  to  zero 
phase  potentials. 
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As  before,  we  shall  obtain  phaseless  potentials,  if  we  assume  s     finite 
number  of  non-negative  point  eigenvalues.     These  will  be  the  only- 
potentials  which  are  phaseless  and  which  support  a  finite  number  of  point 
eigenvalues. 

The  expressions  for  the  potentials  and  eigenfunctions  are  calculated 
in  a  straightforward  way,  but  they  are  somewhat  cumbersome.     Hence  we  shall 
write  down  only  the  simplest  reflectionless  potential  and  the  corresponding 
eigenfunctions.     This  potential  arises  when  one  assumes  a  single  point 
eigenvalue  with  the  value  zero  and  is  analagous  to  the  Bargmann  potential  of 
the  previous  section. 


V(r)      -        2(2^3)  r^-^^^  [r^^"^  ■  2X(je^  l)] 


(2.U      T(r,k)     -  /T  ric  J^(ric)  .  /T  1    M|3 


3) 


2(^+1) 


(r^^*^  .  X) 
/n(r  -^  ^  ♦  X) 


krj^(kr)  -J?J^(kr) 


A.r^*l 


where 


(2.Ua)  X     -    -i- 

One  might  ask  the  question  whether  it  is  possible  to  choose  a  potential 
such  that  the  phases  for  two  or  more  angular  momenta  might  not  be  identically 
zero.  It  is  possible  to  show  that  in  the  class  of  potentials  of  the  type 
considered  in  the  present  paper,  namely  for  which  f(k)  is  analytic  in  the  lower 
half  plane,  this  is  not  possible. 
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